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Hund’s rule is one of the fundamentals of the correlation physics at the atomic level, determining
the ground state multiplet of the electrons. It consists of three laws: (i) maximum S (total spin),
(ii) maximum L (total orbital angular momentum) under the constraint of (i), and (iii) the total
angular momentum J is |L− S| for electron number less than half, while J = L+ S for more than
half due to the relativistic spin-orbit interaction (SOI). In real systems, the electrons hop between
the atoms and gain the itinerancy, which is usually described by the band theory. The whole content
of theories on correlation is to provide a reliable way to describe the intermediate situation between
the two limits. Here we propose an approach toward this goal, i.e., we study the two-atom systems
of three t2g orbitals and see how the Hund’s rule is modified by the transfer integral t between them.
It is found that the competition between t and the Hund’s coupling J at each atom determines the
crossover from the molecular orbital limit to the strong correlation limit. Especially, the focus is
on the generalization of the third rule, i.e., the inter-and intra-atomic SOI’s in the presence of the
correlation. We have found that there are cases where the effective SOI’s are appreciably enhanced
by the Hund’s coupling. The conditions for the enhancement are the intermediate Hund’s coupling
and the filling of four or five electrons.
I. INTRODUCTION
Hund’s rule is one of the most important principles in
the physics of strong electron correlation [1]. It speci-
fies the ground state multiplet of an atom by the three
conditions as follows: (i) The total spin S is maximized,
because the Coulomb interaction is reduced by the Pauli
exclusion principle for parallel spins. (ii) The total or-
bital angular momentum L is maximized within the con-
dition (i). An intuitive explanation of this second rule
is that the electrons with the same direction of rotation
have less probability to collide with each other. (iii) The
total angular momentum J for systems with electrons
less than half is J = |L − S|, while that for electrons
more than half is J = L+S. This third rule comes from
the relativistic spin-orbit interaction (SOI) between the
spin and orbital angular momenta.
In solids, the Hund’s rule and electron hopping be-
tween atoms are the two competing elements to deter-
mine the electronic state of correlated systems. When
electron correlation is very strong, the electrons are al-
most localized at each atom, and the local picture based
on the Hund’s rule is a good starting point. In the other
limit of weak electron correlation, the band picture is the
good starting point, where the electronic wavefunction is
the extended Bloch waves, and electron correlation can
be taken into account by the perturbation theory. An-
other possible approach to take into account the elec-
tron hopping t is to consider the two atom systems and
study the competition between t and the Hund’s rule
coupling. This direction has been already explored in
the classical theory of Heitler and London for a hydrogen
molecule made of two hydrogen atoms [2]. In this case,
the two types of ground states, i.e., (a) the singlet state
made of two electrons occupying the molecular orbital,
and (b) the correlated wave function with one electron
for each atom, are considered corresponding to the weak
and strong correlation limits, respectively. This consid-
eration can be generalized to include the many orbitals
and also the relativistic SOI to reveal the modification
of the Hund’s rule for the two-atom systems, which we
undertake in the present paper.
Especially, the focus will be on the SOI, which is the
origin of many novel effects such as the anomalous Hall ef-
fect [3], spin Hall effect [4], and topological insulators [5].
Usually strong SOI in heavy elements are required to real-
ize these novel effects. For example, elements such as Bi,
Hg, and Pt are main players in the physics of strong SOI.
From the viewpoint of applications, these elements are
rare and it is highly desirable to realize reasonably strong
SOI in lighter and common elements. From this respect,
the interplay between electron correlation and SOI has
attracted recent intensive interests. For electrons in d
orbitals, the electron correlation U gets stronger while
the SOI weaker as one goes up from 5d to 4d, and to 3d
in the Periodic Table [6]. In compounds consisting of 5d
elements, both the SOI and U are of the order of 0.5 eV,
offering an ideal arena to study the interplay between
these two interactions. For example, in Sr2IrO4 the t2g
orbitals with pseudo orbital angular momentum Leff = 1
are coupled to the spin S = 1/2 to form the effective
total angular momenta Jeff = 1/2 and 3/2. Ir
4+ has d5
electron configuration, and hence Jeff = 1/2 band is half-
filled. The width of this band is reduced by the SOI, and
the reasonable U is enough to localize the electron at each
atomic site, i.e., a Mott insulator realized by the collabo-
ration of the SOI and U [6]. A band structure calculation
proposes that the honeycomb Na2IrO3 is a weak topo-
logical insulator [7], while an approach from the strong
coupling limit concludes that Na2IrO3 is a realization of
the Kitaev spin model [8]. A common feature of these
proposals is that the interatomic SOI is essential such
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2as the Rashba-type SOI [9] and Dzyaloshinskii–Moriya
(DM) interaction [10]. Another interesting theoretical
proposal is the spontaneous symmetry breaking of the
spin rotation driven by the Coulomb interaction, where
the effective intersite SOI corresponding to the electron
transfer with spin flip is produced [11, 12]. This points
to an interesting possibility that the electron correlation
might replace the role of SOI in some situations.
In this paper, we study the Hund’s rule generalized for
two-atom systems with three t2g orbitals for each atom
by exactly solving the eigenstates numerically for all the
cases of electron numbers. We would stress that the two-
site problem opens the way for many-body problems and
that it brings completely different qualitative results from
a single-site problem. In this sense, the two-site prob-
lem has a fundamental importance. Here we will extend
the notion of the Hund’s rule, examining the crossover
from the weak to strong correlation, which is basically
controlled by the ratio J/t with J (t) being the Hund’s
rule coupling for each atom (the transfer integral between
the two atoms). The total spin S, orbital angular mo-
mentum Li of each atom, and the effective intra- and
interatomic SOI strength are studied as functions of J/t.
Through this study, we determine the condition for the
enhancement of the SOI by electron correlation, and it is
found that the intermediate or frustrated situations be-
tween the spin singlet and spin polarized states are most
preferable, and based on this result candidate materials
are proposed.
II. MODEL
Let us consider a two-site model where the electron
wavefunctions are bound to each atom. When we con-
sider this atomic limit, the Hamiltonian is represented in
the basis of atomic orbitals |ψimα〉, where i denotes an
atomic site, m an orbital of an atom, and σ a spin of
an electron. The Hamiltonian of the two-atom system is
written as [13]
Hˆ =
∑
i,j=1,2
Hˆ
(t)
ij +
∑
i=1,2
Hˆ
(correlation)
i +
∑
i=1,2
Hˆ
(SO)
i , (1)
where
Hˆ
(t)
ij =
∑
mm′
∑
σ
tim,jm′d
†
imσdjm′σ, (2)
Hˆ
(correlation)
i =
∑
m1m2m3m4
∑
σσ′
Um1m2m3m4
×d†im1σd†im2σ′dim3σ′dim4σ, (3)
Hˆ
(SO)
i =
∑
α
∑
mm′
∑
σσ′
ζnld
†
imσ(lα)mm′(sα)σσ′dim′σ′ . (4)
Here d (d†) is the electron annihilation (creation) opera-
tor. The matrix elements of the transfer matrix tim,jm′
are given by the Slater-Koster tables [14]. (lα)mm′ and
(sα)σσ′ (α = x, y, z) are the matrix elements of the or-
bital and spin angular momenta, respectively. The pa-
rameter ζnl for the SOI depends on the principal and
angular momentum quantum numbers (n and l, respec-
tively) [15].
We focus on t2g orbitals in the following analysis, and
m corresponds to dyz, dzx, dxy orbitals. In this case, the
correlation part of the atomic Hamiltonian Hˆ(correlation)
is given by the Kanamori Hamiltonian [16]:
Hˆ(Kanamori)
=U
∑
m
nˆm↑nˆm↓ + U ′
∑
m6=m′
nˆm↑nˆm′↓
+ (U ′ − J)
∑
m<m′,σ
nˆmσnˆm′σ − J
∑
m 6=m′
d†m↑dm↓d
†
m′↓dm′↑
+ J
∑
m 6=m′
d†m↑d
†
m↓dm′↓dm′↑. (5)
A site index i is omitted for simplicity in this para-
graph. Here we define the number operator Nˆ , and the
orbital and angular momentum operators Lˆ, Sˆ as follows:
Nˆ =
∑
mσ d
†
mσdmσ, Lˆα =
∑
mm′
∑
σ d
†
mσ(lα)mm′dm′σ,
and Sˆα =
∑
m
∑
σσ′ d
†
mσ(sα)σσ′dmσ′ , where the matrix
elements are given by (lα)mm′ = iαmm′ and (sα)σσ′ =
(σα)σσ′/2 with σα being a Pauli matrix. (We set ~ = 1
throughout this paper.) We note that dyz, dzx, dxy or-
bitals are associated with labels m,m′ = x, y, z, respec-
tively. The Kanamori Hamiltonian is represented by us-
ing Nˆ , Lˆ, and Sˆ as
Hˆ(Kanamori)
=
1
4
(3U ′ − U)Nˆ(Nˆ − 1) + (U ′ − U)Sˆ2
+
1
2
(U ′ − U − J)Lˆ2 +
(
7
4
U − 7
4
U ′ − J
)
Nˆ
+ (U ′ − U + 2J)
∑
m6=m′
d†m↑d
†
m↓dm′↓dm′↑. (6)
This Hamiltonian has SU(2)⊗SO(3) symmetry for spin
and orbital degrees of freedom with U = U ′ + 2J , since
the last term of Eq. (6) vanishes [15]. We assume that
the relation U = U ′ + 2J is always satisfied.
We exactly diagonalize the Hamiltonian to calculate
the following expectation values: the local spin angu-
lar momentum S2i = 〈ψ0|Sˆ2i |ψ0〉 (i = 1, 2), the total
spin angular momentum S2 = 〈ψ0|(Sˆ1 + Sˆ2)2|ψ0〉, the
spin correlation S1 · S2 = 〈ψ0|Sˆ1 · Sˆ2|ψ0〉, the local or-
bital angular momentum L2i = 〈ψ0|Lˆ2i |ψ0〉, the effective
transfer
t¯mm′ = −1
2
〈ψ0|
∑
σ
[d†1mσd2m′σ + H.c.]|ψ0〉 , (7)
the effective on-site SOI
λ¯i = −〈ψ0|
∑
α
∑
mm′
∑
σσ′
d†imσ(lα)mm′(sα)σσ′dim′σ′ |ψ0〉 ,
(8)
3dxy
dyz
dzx
Site 1 Site 2
t
t’
-t
-t’t
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(a) (b)
FIG. 1. (Color online) (a) Two-site model of t2g orbitals. Two
atoms are alined along the z axis. The dyz and dzx orbitals
form pi bonds with the transfer integral t and the dxy orbitals
form δ bond with the transfer integral t′. (b) Schematic pic-
ture of the molecular orbitals. The bonding orbitals of dyz
and dzx are more stable than that of dxy because of the larger
overlap between the two sites.
and the effective spin-dependent hopping amplitude
t¯αSOmm′
=
1
2
〈ψ0|
∑
σσ′
[d†1mσ(lα)mm′(sα)σσ′d2m′σ′ + H.c.]|ψ0〉 . (9)
Here |ψ0〉 represents the ground state, and if the ground
states are degenerate due to the Kramers degeneracy
for odd electron systems, for example, we will take
an average over all the degenerate ground states with
equal weights. The eigenvalues of angular momenta Sˆ2i ,
Sˆ2, and Lˆ2i are given by Si(Si + 1), S(S + 1), and
Li(Li + 1), respectively. We generally write the expec-
tation values S2i = S¯i(S¯i + 1), S
2 = S¯(S¯ + 1), and
L2i = L¯i(L¯i+1). t¯
α
SOmm′ can be regarded as the effective
interatomic SOI. This type of parameter has appeared in
the models of topological insulators, such as the Kane-
Mele model [17, 18] and Fu-Kane-Mele model [19]. We
note here that t¯αSOmm′ is nonzero only when the indices
are aligned in cyclic order of x, y, z because of the matrix
element (lα)mm′ = iαmm′ .
We choose the z direction parallel to the bond be-
tween the two atoms and the transfer matrix as tyz,yz =
tzx,zx = t for the pi bonds and txy,xy = −t′ for the δ
bond. According to the bonding of the two atoms, the
symmetry of the t2g orbitals is reduced from SO(3) to
SO(2). We set t′ = 0.5t and the strength of the SOI
ζ = 0.1t in the following analysis. The model we con-
sider here is illustrated in Fig. 1. Since we have two sites
with electron hopping, there is a formation of molecular
orbitals. We will examine below the fate of the Hund’s
rule in this two-site model.
The number of electrons in this two-atom model ranges
from zero to 12, and the n-electron system (n ≤ 6) is
complementary to the (12− n)-electron system since we
consider only t2g orbitals. Therefore, we will analyze the
case with one to six electrons.
III. RESULTS
A. One electron
There is no electron correlation effect in one-electron
systems, and thus the expectation values do not have
dependence on U , U ′, and J . The results are given as
follows: the local spin angular momentum S2i = 0.375
for site i(= 1, 2); the total spin angular momentum S2 =
0.375; the spin correlation S1 · S2 = 0; the local orbital
angular momentum L2i = 1; the effective transfer t¯yz,yz =
t¯zx,zx = 0.25, t¯xy,xy = 0; the effective interatomic SOI
t¯zSOyz,zx = 0.125, t¯
x
SOzx,xy = t¯
y
SOxy,yz = 0; the effective
on-site SOI λ¯ = 0.25.
B. Two and three electrons
When we choose J/t and U ′/t as the free parameters
with U = U ′+2J , it is found that the expectation values
depend mainly on J/t. It seems natural since at each site
Sˆ2i and Lˆ
2
i are subject only to the Hund’s coupling J , as
we can confirm it from the Kanamori Hamiltonian (5).
Therefore, we will show results of the J/t dependence
hereafter fixing U ′, and below we present the results for
U ′ = 5J . For the two-electron system, the results of
exact diagonalization are given in Fig. 2.
Figure 2(a) shows the local and total spin angular mo-
menta S2i = S¯i(S¯i + 1) (i = 1, 2) and S
2 = S¯(S¯ + 1), re-
spectively. Now two sites are equivalent, so that the local
spin angular momenta have the same values, S21 = S
2
2 .
The right vertical axis measures S2i and S
2 in terms of
their magnitude, namely S¯i and S¯. The nature of the
ground states for different J/t can be understood by fo-
cusing on the total spin quantum number S¯, though it is
not a good quantum number in the presence of SOI. In
the absence of SOI, the ground states at J = 0 consist of
three singlets (S = 0) and one triplet (S = 1), i.e., three
states of S = 1. On the other hand, for J 6= 0, the ground
states consist only of S = 1 states. Namely, an infinites-
imal Hund’s coupling J lifts the degeneracy at J = +0
by lowering the energy of the S = 1 states. For the two-
electron system around J = 0, perturbative treatment of
SOI is not allowed because the ground states are not adi-
abatically connected at J = +0. In other cases we will
see below, the ground state without SOI is specified by a
single value of S, and small SOI can be treated perturba-
tively. According to degenerate perturbation theory, the
lowest order correction of the ground state including SOI
is constructed by a linear combination of the degenerate
ground states without SOI.
Then, we consider the spin correlation S1 · S2
[Fig. 2(b)]. We note that the spin correlation is obtained
by the difference between the total and local spin angular
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FIG. 2. (Color online) Results of exact diagonalization for the
two-electron system. We set U ′ = 5J with the condition U =
U ′ + 2J . (a) Local spin angular momentum S2i = S¯i(S¯i + 1)
(i = 1, 2) in the presence of SOI (green) and total spin angular
momentum S2 = S¯(S¯ + 1) in the presence (red) and absence
(blue) of SOI. The right vertical axis measures the magnitude
of spin, or spin quantum number, i.e., S¯i or S¯. The ground
states at J = 0 without SOI consist of three S = 0 states
and a triplet S = 1, and for J 6= 0 it consists only of S = 1.
(b) Spin correlation S1 · S2 in the presence (red) and absence
(blue) of SOI. (c) Local orbital angular momentum L2i (i =
1, 2). Values in the graphs are those in the presence of SOI
unless noted explicitly. (d) Effective transfers t¯ ’s. t¯xy,xy has
very small values for all range of J and is of the order of
10−4 because the dxy orbital is almost empty. (e) Effective
interatomic SOI t¯SO’s. Even though t¯
x
SOzx,xy and t¯
y
SOxy,yz are
small and have values around 0.01, the ratio t¯SO/t¯ can have
a large value due to the even smaller t¯xy,xy. (f) Effective on-
site SOI λ¯. We can find the rapid change of some values near
J/t = 0. It is caused by the change in the ground state due
to the electron correlation effect. Its width is characterized
by the strength of the SOI ζ.
momentum:
S1 · S2 = 1
2
S2 − S2i . (10)
For the two-electron system, the singlet configuration
(S = 0) gives the expectation value S1 · S2 = −3/4,
while the triplet (S = 1) S1 · S2 = 1/4. Recalling that
the ground states at J = 0 consist of three S = 0 states
and three S = 1 states and that the Hund’s coupling
lowers the energy of S = 1 states, we understand the be-
havior of S1 · S2 that the ground state at J = 0 shows
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FIG. 3. (Color online) Results of exact diagonalization for
the three-electron system. (a) Local spin angular momentum
S2i (i = 1, 2) in the presence of SOI (green) and total spin an-
gular momentum S2 in the presence (red) and absence (blue)
of SOI. (b) Spin correlation S1 · S2 in the presence (red) and
absence (blue) of SOI. The antiferromagnetic spin correlation
changes to the ferromagnetic correlation by increasing J , ac-
companying the transition from the mostly low-spin state to
the mostly high-spin state. (c) Local orbital angular momen-
tum L2i (i = 1, 2). (d) Effective transfer t¯’s and (e) effective
interatomic SOI t¯SO’s. Small values of green lines in (d) and
(e) for J/t . 0.35 come from the small occupation of the dxy
orbitals. (f) Effective on-site SOI λ¯. These figures exhibit a
discontinuity around J/t ≈ 0.35 and the range of J/t can be
separated into two regions: the low-spin state (S = 1/2) and
the high-spin state (S = 3/2). t¯zSOyz,zx and λ¯ are relatively
large for the low-spin state.
antiferromagnetic correlation and that it turns ferromag-
netic with small J of the order of SOI. There occurs the
discontinuous jump of the spin correlation at J = 0 with-
out SOI.
The behavior of the local orbital angular momentum
L2i is shown in Fig. 2(c). For the two-electron system, it
increases monotonically as J/t.
The effective transfers t¯’s are presented in Fig. 2(d).
There are two different values of t¯’s, which originate
from the reduction of the symmetry of the t2g orbitals
from SO(3) to SO(2). Here t¯xy,xy has tiny values and is
of the order of 10−4, since the relevant orbitals for the
two-electron system are dyz and dzx orbitals (or equiv-
alently pi bonding orbitals) and dxy orbitals are almost
empty. Another point is that the effective transfers be-
5come smaller as the electron correlation is increased.
This loss of itinerancy indicates that electrons tend to
localize.
The SOI mixes high-spin and low-spin states, and in-
duces the effective interatomic SOI t¯SO [Fig. 2(e)] as well
as the effective on-site SOI λ¯ [Fig. 2(f)]. In the case of
two electrons, there is a rough correspondence between
t¯SO and the product of t¯ and λ¯. However, this rule does
not apply in several cases discussed later. We note that
the ratio t¯SO/t¯ measures the twist of spins and orbitals
between the two atoms.
The results of the three-electron system are shown in
Fig. 3. We can find the discontinuity in the expectation
values at J/t ≈ 0.35, and it shows a sign of a change in
the ground states. This jump indicates that the Hamil-
tonian matrix is block diagonal due to some symmetries
and consequent level crossing, as analyzed in the Ap-
pendix A. Actually, in the case of two electrons, the spin-
orbit rotational symmetry SO is broken by the SOI and
consequently the discontinuity at J = 0 is lifted. In the
case of three electrons, on the other hand, the disconti-
nuity comes from both SO and the exchange symmetry
X of the two sites. Therefore, even though SO is broken
by the SOI, the discontinuity still remains.
To gain the transfer energy, low-spin states are favored,
whereas high-spin states are more stable according to the
Hund’s rule. Now the ground state is a low-spin state in
the small-J/t region (approximately S = 1/2), and it
becomes a high-spin state in the large-J/t region (ap-
proximately S = 3/2). Usually the competition between
the low-spin and high-spin states in d orbitals is discussed
from the viewpoint of the one between the Hund’s cou-
pling J and the crystal field splitting ∆ between t2g and
eg orbitals. In the present situation, however, we con-
sider the splitting among the bonding and antibonding
orbitals of the pi and δ bonds, which competes with the
Hund’s coupling. When the Hund’s coupling J is rela-
tively strong compared to the transfer energy t, the sys-
tem obeys the Hund’s rule instead of the energy gain by
electron hopping.
As for the spin correlation S1 · S2, the ground states
for the small-J/t region are antiferromagnetic, and it
turns out to be ferromagnetic for the large-J/t region.
The evidence of the S = 3/2 state is also implied in t¯xy,xy.
The relatively large magnitude of t¯xy,xy in the large-J/t
region implies that the dxy orbital is also partially occu-
pied, and the ferromagnetic correlation means that the
electron spins are aligned to make S = 3/2 state by using
all three t2g orbitals. The behaviors of the effective SOI’s
and the effective transfers are similar to those of the two-
electron system except the discontinuity discussed above.
The effective SOI’s are also largest in the low-spin states,
i.e., the small-J/t region. This means that there is no en-
hancement of the effective SOI’s by electron correlation
for the case of two and three electrons.
C. Four and five electrons
In the previous sections, we have studied the systems
with two and three electrons, and found the total spin
quantum number S switches at a single value of J/t. For
the systems with four and five electrons, this situation
drastically changes. These systems allow the maximum
spin S = 2 or S = 5/2, so the change of S can occur
twice, and the results show that it is actually realized
(Figs. 4 and 6).
The situation becomes complex especially for the four-
electron system, since the ground state depends on the
interorbital repulsion U ′ in addition to the Hund’s cou-
pling J . As shown in Fig. 4(c), the ground state can be
separated basically into three regions: the low-spin region
(L), the intermediate-spin region (I), and the high-spin
region (H). Note that the shaded areas of each graph are
unphysical since the effective Hubbard interaction Ueff is
reduced by J to be Ueff = U − 3J = U ′ − J [20] and it
is negative in those areas. We also note that the high-
spin region is further classified into three parts (Ha, Hb,
and Hc in Fig. 4) from the discontinuity in the expec-
tation values. Although there is no Kramers degeneracy
in a system with even number of electrons, the lowest
energy state is degenerate in Ha and nearly degenerate
in Hb with the energy separation less than 10−5t. The
high-spin region is segmented due to the SOI, and the
difference among Ha, Hb, and Hc appears in the effective
interatomic SOI t¯SO [Figs. 4(g) and 4(h)]. Without SOI,
the high-spin region becomes a single phase with fivefold
degeneracy.
The separation of the ground state depending on U ′/t
and J/t is explained by using the schematic picture of
the ground state, shown in Fig. 5. When the interor-
bital repulsion U ′ and simultaneously the Hubbard U
are weak compared to the transfer t, the system is well
described by the picture of molecular orbitals. Then
if the Hund’s coupling is also small, the system is sta-
bilized by the electron transfer and thus four electrons
form two singlet couplings using the pi bonding orbitals
[Fig. 5(a)]. It leads to the low-spin state with the total
spin S = 0. As the Hund’s coupling increases, a larger
spin state is favored. If the energy gain from the Hund’s
coupling exceeds the difference of the transfer energies of
pi and δ orbitals, namely t − t′, the system experiences
a discontinuous transition to the intermediate-spin state
[Fig. 5(b)]. Finally with the even stronger Hund’s cou-
pling it reaches the high-spin state by gaining the energy
from the Hund’s coupling instead of the loss of electron
itinerancy [Fig. 5(c)]. We note that an itinerant electron
in the δ bonding orbital, or dxy orbitals, exists only in the
intermediate-spin region, which is clearly seen by −t¯xy,xy
[Fig. 4(f)].
On the other hand, in the strong U ′ (and also U) re-
gion, the isolated atom description is relevant with the
exchange interaction Jex induced by the electron hop-
ping and electron correlation. Since the on-site electron
repulsion is strong, the electron hopping between the two
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FIG. 4. (Color online) Results of exact diagonalization for the four-electron system. These show rather complex dependence
on U ′ and J ′, and we thus show the whole maps by changing U ′ and J with the constraint U = U ′+ 2J . There are five distinct
regions, i.e., the low-spin region (L), the intermediate-spin region (I), and three types of high-spin regions (Ha, Hb, Hc). In the
shaded areas of U ′ < J , the interaction energy becomes effectively negative, which is unphysical [20]. (a) Local spin angular
momentum S2i , (b) spin correlation S1 · S2, (c) magnitude of total spin S¯, (d) local orbital angular momentum L2i , (e) effective
transfer t¯yz,yz, t¯zx,zx, (f) −t¯xy,xy, (g) effective interatomic SOI t¯zSOyz,zx, (h) t¯xSOzx,xy, t¯ySOxy,yz, and (i) effective on-site SOI λ¯.
Jex (<0) Jex (>0)
(a) (b) (c)
(d) (e)
FIG. 5. Schematic pictures of the ground states of the
four-electron system. The figures in the upper row depict
(a) the low-spin state (S = 0), (b) the intermediate-spin state
(S = 1), and (c) the high-spin state (S = 2). In the tran-
sition from (a) to (c), a spin flip changes the total spin by
one at each step. These pictures are valid for the relatively
weak electron correlation where the description by molecular
orbitals is reasonable. In the lower row, the ground states
in the strong coupling limit (i.e., large U and U ′ limit) are
presented: (d) low-spin state for small J/t and (e) high-spin
state for large J/t.
sites is suppressed, and the molecular orbital description
is not appropriate. The remnant electron hopping results
in the exchange interaction between the two sites, the no-
tion of which is in relation to the Goodenough-Kanamori
rule for the superexchange coupling [21, 22]. Each site
occupies two electrons in this case, and the Hund’s cou-
pling J makes spin 1 at each site. The sign of the induced
exchange coupling Jex is determined in the competition
between the Hund’s coupling J and the electron transfer
t. The transfer t promotes the singlet formation while J
prefers the larger spin; namely, Jex is negative for small
J/t while it becomes positive for large J/t [Figs. 5(d) and
5(e)]. The intermediate-spin state does not exist in the
strong U ′/t region. The sign change of Jex is confirmed
in the spin correlation S1 · S2 [Fig. 4(b)]. We would add
that this complex behavior in the four-electron system
might have a relation to the bad metallic behavior found
in the three-orbital model occupying two electrons per
atom [23].
The behavior of the five-electron system is rather in-
sensitive to U ′ and can again be explained simply by
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FIG. 6. (Color online) Results of exact diagonalization for
the five-electron system: (a) local spin angular momentum
S2i in the presence of SOI (green) and total spin angular mo-
mentum S2 in the presence (red) and absence (blue) of SOI,
(b) spin correlation S1 · S2 in the presence (red) and absence
(blue) of SOI, (c) local orbital angular momentum L2i , (d)
effective transfer t¯’s, (e) effective interatomic SOI t¯SO’s, and
(f) effective on-site SOI λ¯. Apparently, there is only one dis-
continuity for the system with SOI, but it is because the SOI
smears one of the two discontinuities. If the SOI is switched
off, we can find two discontinuities and can identify the low-
spin (S = 1/2), intermediate-spin (S = 3/2), and high-spin
(S = 5/2) states. The five-electron system has large values
of t¯SO and λ¯ for the intermediate-spin state in common with
the four-electron system.
focusing on J/t. It has two discontinuous transitions in
the absence of SOI, while it displays only one disconti-
nuity in the presence of SOI (Fig. 6). In the first region
for J/t . 0.9, the low-spin state (S = 1/2) is domi-
nant in the ground state, and as the Hund’s coupling
becomes strong, the intermediate-spin state (S = 3/2)
mainly occupies the ground state for the second region
(0.9 . J/t . 1.4). These two regions are continuously
connected due to the presence of SOI, i.e., broken SO
symmetry. Finally, the third region (J/t & 1.4) consists
of the high-spin state (S = 5/2), and it is totally ferro-
magnetic.
The intriguing result of the four-electron and five-
electron systems is that both the effective interatomic
SOI t¯SO and the effective on-site SOI λ¯ become larger
by the existence of electron correlation. They have the
largest values for the intermediate-spin states. This is
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FIG. 7. (Color online) Results of exact diagonalization for
the six-electron system: (a) Local spin angular momentum
S2i in the presence of SOI (green) and total spin angular mo-
mentum S2 in the presence (red) and absence (blue) of SOI,
(b) spin correlation S1 · S2 in the presence (red) and absence
(blue) of SOI, (c) local orbital angular momentum L2i , (d)
effective transfer t¯’s, (e) effective interatomic SOI t¯SO’s, and
(f) effective on-site SOI λ¯. We can find no discontinuity in
the expectation values. The half-filled system is similar to the
quantum Heisenberg antiferromagnet, and it is antiferromag-
netic for any value of J . The effective interatomic SOI t¯SO is
tiny, even though both t¯ and λ¯ are rather not small.
a sharp contrast compared to the results of two-electron
and three-electron systems, where the largest values of
t¯SO and λ¯ occur at J/t = 0. In the intermediate-spin
region, both the spin and orbital angular momenta have
moderate values, and therefore their product and conse-
quently the effective SOI’s are largest in this region. We
also note that the absolute values of t¯zSOyz,zx and t¯
x
SOzx,xy
(or t¯ySOxy,yz) become comparable. This can be explained
by an increasing occupation number of the dxy orbital for
systems of four or more electrons.
D. Six electrons
The result of the half-filled system, i.e., the case of six
electrons (Fig. 7), is completely different from those of
the cases with other electron numbers.
First, the total spin angular momentum S2 has tiny
values for the entire range of J/t, whereas the local spin
angular momentum S2i grows as the Hund’s coupling in-
8creases. The difference between S2 and S2i [Fig. 7(a)]
yields antiferromagnetic spin correlation [Fig. 7(b)], fol-
lowing the relation Eq. (10). It is a sharp contrast to
the systems with less than six electrons, where they ex-
hibit ferromagnetic correlation with the total spin S max-
imized in the strong Hund’s coupling region. This is rea-
sonable since the effective Hamiltonian in the strong cou-
pling limit is the quantum antiferromagnetic Heisenberg
model in the half-filling case. Away from the half-filling,
even a single hole drastically alters the ground state of
the system, which is similar to the t-J model.
Another issue is the significant difference between t¯SO
and λ¯ as shown in Figs. 7(e) and 7(f). It results from the
difference between the spin Si on each site and the total
spin S of the two sites. The effective intersite SOI t¯SO
reflects the total spin S. On the other hand, the effective
on-site SOI λ¯i has the information of the local Si.
We should also note the nonzero value of the orbital an-
gular momentum in the weak coupling region [Fig. 7(b)].
One might expect that the orbital angular momentum L2i
is quenched at each site because three electrons occupy
the three t2g orbitals. However the itinerancy of elec-
trons makes the expectation value of the orbital angular
momentum L¯i nonzero. In the strong coupling limit, the
electron transfer is reduced by the Mott physics, which
results in the quenched orbital degrees of freedom Li. It
leads to the smaller effective SOI’s with increasing J/t.
IV. DISCUSSION
We have considered the two-site model of t2g orbitals,
and have extended the notion of Hund’s rule for two-
atom systems. For the two-site model, we have observed
completely different behaviors expected for a single-atom
model by the Hund’s rule due to the presence of electron
transfer. The Hund’s rule for a single atom is modified
for the two-atom system as follows.
First, the spin angular momentum S depends on the
ratio of the Hund’s coupling J and the transfer energy
t. When the electron transfer is dominant, electrons are
itinerant with a small spin S. As the ratio J/t increases,
Hund’s rule of a single atom becomes relevant, and the
spin S is maximized in the large-J/t limit. In detail,
there are two kinds of spin values, namely the total spin
S of the two-site system and the local spin Si, i.e., the
spin angular momentum at site i. The total spin S grows
as J/t increases except for the half-filling case, where the
system consists mostly of S = 0 states. On the other
hand, the spin of a single atom Si always increases as
J/t becomes larger including the half-filling case. The
total spin S¯ and local spin S2i in the large-J limit are
S¯ =
{n
2
(n ≤ 5),
0 (n = 6),
(11)
S2i =
1
2
[n+
2
(n+
2
+ 1
)
+
n−
2
(n−
2
+ 1
)]
, (12)
where n+ and n− are given by n+ = n, n− = 0 for
n ≤ 3 and n+ = 3, n− = n − 3 for 4 ≤ n ≤ 6. The
difference between S¯ and S¯i is manifested in the spin
correlation S1 · S2 [see Eq. (10)]. Especially for the half-
filling (six electrons) system, the total spin S = 0 gives
the antiferromagnetic correlation.
Second, as for the orbital angular momentum Li, it
is maximized under the condition that the rule for spin
we see above is satisfied. We have observed that except
for the two-electron case Li gets smaller as the Hund’s
coupling J increases, which is in contrast to the spin S.
This means that the effect of the transfer t is to increase
the orbital angular momentum Li at each atom. As the
Hund’s coupling J increases, electrons of parallel spin
spread over three t2g orbitals to avoid the energy loss
by electron correlation, especially on-site Hubbard U . It
constrains and quenches the orbital degree of freedom.
Thus the orbital angular momentum Li becomes smaller
as the Hund’s coupling J and simultaneously U(> U ′)
increases.
Hund’s third rule is on the SOI. For the two-site model
there are two kinds of effective SOI’s: one is the on-site
SOI λ¯i and the other is the intersite SOI t¯SO. The magni-
tude of the effective SOI’s is determined by both the spin
and orbital angular momenta. We saw that the effective
SOI’s are largest in the region where both the spin and or-
bital degrees have moderate values, i.e., the intermediate-
spin region. The effective SOI’s become larger by electron
correlation in the cases of four and five electrons.
For the case of six electrons (half-filling), we need to
be careful about the difference between the local spin S¯i
and total spin S¯. The difference between the local spin
S¯i and total spin S¯ also manifests itself as the difference
between λ¯i and t¯SO. Since the total spin S¯ is vanishing,
the effective intersite SOI t¯SO is tiny for all ranges of J ,
in contrast to the local spin S¯i and the effective on-site
SOI λ¯i.
Our findings would be a useful guideline to find a ma-
terial that realizes effectively strong SOI. They are sum-
marized as follows. (i) The Hund’s coupling J and the
electron number are the essential parameters for the en-
hancement of the interatomic SOI t¯SO and the on-site
SOI λ¯. (ii) In the two-and three-electron systems, J al-
ways suppresses t¯SO and λ¯ by increasing the ferromag-
netic correlation. (iii) In the four-and five-electron sys-
tems, the intermediate J corresponding to the interme-
diate spin S enhances t¯SO and λ¯. This indicates that the
situation of the spin frustration or fluctuation is preferred
by the enhanced effective SOI. (iv) In the six-electron sys-
tem, i.e., at half-filling, t¯SO is always very small while λ¯
is not, and both are suppressed by J with the increase of
antiferromagnetic correlation.
The candidate magnetic ions for the scenario of the en-
hanced effective SOI by electron correlation proposed in
the present paper should have t12g, t
2
2g, t
3
2g configurations.
In 3d elements, Sc2+, Ti3+, V4+ have t12g; Ti
2+, V3+,
Cr4+ have t22g; and V
2+, Cr3+, Mn4+ have t32g config-
uration. Considering perovskite and layered-perovskite
9FIG. 8. (Color online) Symmetries of the two-site system and
corresponding symmetry-breaking perturbation.
transition metal oxides, where t2g and eg splitting oc-
curs due to the oxygen crystal field, the following mate-
rials are of particular interest. First, LaVO3 is a Mott
insulator consisting of V3+ [24–27]. This material has
been studied in the context of metal-insulator transition
due to electron correlation. From the viewpoint of the
present paper, the effective SOI of this material could
be enhanced by electron correlation with t22g configura-
tion. Other candidate materials that would exhibit the
enhanced effective SOI are LaxSr1−xCrO3 (0 ≤ x ≤ 0.5)
[28–30] with t2−2.52g configuration, LaSrVO4 [31] with t
2
2g
configuration, and (LaxSr1−x)2CrO4 (0 ≤ x ≤ 0.5) [30]
with t2−2.52g configuration.
The present work extends the Hund’s rule to systems
with multiple atoms and itinerant electrons. Also, there
is a case that the SOI is effectively enhanced by electron
correlation, and it paves the way to design the materials
having the effectively strong SOI. It would be possible
by tuning the electron number and Hund’s coupling even
without using heavy elements.
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Appendix A: Symmetry
The simple model we consider here has four symme-
tries; i.e., the spin and orbital symmetry (SO), the ro-
tation around the bond of the two atoms (R), the ex-
change of the two atoms (X ), and the mirror symmetry
in a plane containing the two atoms (M) (Fig. 8). Now
we assume that the bond of the two atoms directs the z
axis, and then one of the mirror symmetry plane will be
the yz plane. These four symmetries separate the Hamil-
tonian into some blocks, and it leads to a discontinuity
of expectation values for the ground states. If a discon-
tinuity exists, it will be lifted by introducing the proper
symmetry-breaking term. The spin and orbital symme-
try can be broken by the SOI, the rotation symmetry by
the magnetic field perpendicular to the bond (e.g., Bx),
the exchange symmetry by the energy level difference be-
tween the atoms (∆E), and the mirror symmetry by the
magnetic field parallel to the bond (Bz). The energy un-
der the magnetic field is given by the Zeeman energy,
which is given by
HˆB = − e
2mc
B · (Lˆ+ 2Sˆ). (A1)
We start from a highly symmetric system to find what
symmetry is related to the discontinuity of order param-
eters; namely we consider the Hamiltonian
Hˆ = Hˆ
(t)
12 +
2∑
i=1
Hˆ
(Kanamori)
i (A2)
as a starting point. There are no SOI, level differ-
ence, and magnetic field. Discontinuities appear with
the change of the total spin S. The discontinuities and
the corresponding symmetry-breaking terms are summa-
rized in Table I. Especially in the four-electron system,
the SOI separates the high-spin region into three parts,
which merge again by breaking R.
TABLE I. Changes of symmetry with corresponding discon-
tinuities among the low-spin (L), intermediate-spin (I), and
high-spin (H) states. For the four-electron system in the pres-
ence of SOI, the high-spin region consists of three areas, Ha,
Hb, and Hc. The discontinuities and the corresponding sym-
metries are dependent of the number of electrons in the system
n.
Discontinuity
n L – H L – I I – H (Ha) Ha – Hb Hb – Hc
2 SO — — — —
3 SO, X — — — —
4 — SO, X , M SO, R SO, R SO, R
5 — SO SO, X , M, R — —
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